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THE FIRST FUNDAMENTAL PROBLEM OF THE THEORY OF
ELASTICITY FOR A SYMMETRIC LUNE*

P.V. KEREKESHA, E.I. LEMPER and O.V. MEDEROS

The first fundamental problem of the theory of elasticity is considered
for a symmetric lune, when a symmetrically distributed normal load is
specified on its boundary, and there are no tangential stresses. The
problem is formulated and solved without preliminary reduction to the
basic biharmonic problem. The proposed version and solution are based
on the combined method of Fourier integrals and analysis of the Carleman
problem /1, 2/. The problem of the stress state in a circular lune acted
upon along the segments of its side surface by a uniform, normal
compressive force was considered earlier in /3/, where the first funda-
mental problem of the theory of elasticity for a lune was reduced to the
corresponding biharmonic problem.

1. The problem is formulated as follows /3/: to find the solution of the boundary value
problem
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where g(a)/2 1is a given function characterizing the distributed load, and @ {a,p) is an unknown
function. The symmetry of the stress state makes it possible tc utilize the boundary condi-
tions on the coordinate line f =y only, and we need consider only half of the region occupied
by the lune — oo Ca<o, 0Py

Applying the integral Fourier transformation to (1.1) and boundary conditions (1.2), we
obtain
d;?: + (B IREW =0 (1.3
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Let us write the general solution of (1.3) symmetrical with respect to §
W(z,ﬁ):A(z)chzﬁcosﬁ-i—B(x)shzﬁsinﬂ (1.5)
Substituting this solution into the second boundary condition of (1.4), we obtain a relation
connecting B (z) with 4 (¢), and from (1.5) we obtain
W(Ivﬁ)zA(I)[chIBCOSB""C(I)ShIﬁSinﬁI (1.6)
C(x) = (tgy — £ thay) (tgy — thzp)™
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Using the first boundary condition of (l.4), we arrive at
@+ 2@+ ) F@E+i+@—20@E—)F@—i+ (1.7)
2 cosy(zt+ 1) F (z) = G (2)
(F (z) = W (2, 7))
2. We shall solve (1.7) by three different methods.
First method. Multiplying (1.7) by x we obtain
(22 + 221) @y (z + i) + (a2 — 2zi) @, (z — §) + 2cosy (@ + 1) By (2) = 2 G(z) (P, (2) = 2F (2)), (2.1)
Consider a more general equation

(i’, a2} O (z 4+ 0) + 3 byz®) By (z — 1) + A (3 2" ) By (z) = 26 (3) (2.2)
k=0 k=20 k=0

whose coefficients have the following properties:

n
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The properties of the coefficients (2.3) enable us to write (2.2) in the form

Y(z+ )+ ¥(z— i)+ AF (2) = 26 (2) (2.4)
n

W(z)=[2, A,25] @ (2)
k=0

Applying now an inverse Fourier transformation to (2.4), we obtain
j3
-1 iql T
0:((:)=[Z‘Akz".l v () (2.5)
-

A solution of (2.1) is obtained from (2.5) at A=2cosy and 4,= 4;=1, 4, = 0. Finally, we
write the solution of (1.7) in the form

1 v ig’ (z) )
Flz)= z (22 1) (2chz+2¢:osy
Second method. Applying to (1.7) an inverse Fourier transformation, we obtain a differ-
ential equation with variable coefficients
— (e e+ 2c08Y) " (2) A+ (F— )+ 2c087] (2) = ¢ (2) (2.6)

We will seek a solution in the form
fl@y= A&+ C

and find two linearly independent solutions of the homogeneous equation

i L]
fr@ =Tt vET

If y=n/2, then the general solution of the homogeneous equation (2.6) is easily obtained by

reducing the order of the equation. We shall not consider this case, since when y=a/2, the

lune becomes a circle for which the first fundamental problem can be solved more simply. When
v+ n/2 , the general solution of (2.6) can be written in the form

F(2) = crfe (&) + caf- (@) + £ (2) (2.7)
where g(z) is a particular solution which can be found by varying the constants. Applying a
Fourier transformation to (2.7), we cbtain

2}

+
Fe)= b=+ 8@ + =0 e+ 0 +V (@) (2.8)

Third method. Applying a Fourier transformation to (2.4) we obtain a differential equa-
tion with constant coefficients
n
ig' (z
N a0 @) = gl (2.9)

o chz+ A
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The corresponding equation for (2.l) takes a simpler form, namely

" (z) - @
— @' @) TP =TT T ocos v (2.10!

The general solution of the homogeneous equation (2.10) is

¢ (2) = ¢ 4 cpe™™
and the particular solution g (z) of the inhomogeneous equation can be found by varying the
constants. Applying the Fourier transformation to the general solution of (2.10), we obtain

Co

{
Fo = [t e—0+ a0+ 57 @ (2.11)

We can confirm by direct substitution that the linear combinations of the delta functions
appearing in (2.8) and (2.11) satisfy the homogeneous functional equation (2.7). The function
F(z) obtained by the second and third method yields the solution of the functional equation
(1.7) in a wider class.

Note. The function f(z)= V-1(Ff) has a well-defined physical meaning, namely f(z) describes
the principal vector of the forces applied to the arcs f=+7v /3/. If the constants are
arbitrary, the components of the force vector may tend to infinity at the corner points (a=
+ o0, § =4y From the mathematical point of view this implies that the solution of the problem
in question will pot be unique. For the solution to be unique, the boundary conditions must
be supplmented by additional conditions as was done in /4/.

3. Having determined the function F(z) , we use (l1.6) to obtain W (2, §)

2F (z)

W (z, ﬁ)=m[(zchzv+siny+shzvcosv)ch:cﬁcosf5+ (ch zy sin y — z sh zy) sh xf sin §] (3.1)

The function (®d/k) (¢, p) is obtained using the formula

+oa

(%)(a,6)=v—;—; \ W petea (3.2)

The integral in (3.2) is found using the method of residues. A table (/3/, p.6l) may be used
to find the singularities. We must also remember that the function F(z) yields its own singul-
arities. Having found (@/k) (@, ), we use the well-known formulas (/3/, p.6l) to find the
tangential and normal stresses. We will consider two special cases:

1) g (z) = pb (a). Then, according to (2.4)
1 ipd’ ()
Fia)= z (2 1) VD), Diz)= 2chz + 2cosy
and we find _
F(z) = —[V 2x (22 + 1)(2 cos v+ 2]
2) q(z) = p = const. Solving the problem by any of the above methods and taking into
account the note given above, we obtain
pd(z)
Fo)= V2ncosy

and from (3.1), (3.2) we find

0] cosPsiny+ ycosycosp + Psinysinf
(—h—> (@, B)=0p B cos v (cosysiny + ¥)
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